Electromagnetic response is studied for clusters of subwavelength graphene-coated nanowires illuminated by a linearly polarized plane wave in the terahertz frequency range. The solution of the scattering problem is obtained with the Lorenz-Mie theory and the multiple cylinder scattering formalism. The results show that normalized scattering cross-sections of nanowire clusters can be drastically changed by the symmetry breaking introduced into the cluster's design. This effect is due to excitation of dark modes and is observed only for the incident wave of TE z -polarization.
Electromagnetic scattering of a plane wave by a single or multiple dielectric cylinders is one of the classical problems in the electromagnetic theory and optics. [1] [2] [3] [4] [5] [6] [7] There is a continuous progress in the development of techniques for solving scattering problems related to various engineering applications. From the practical standpoint, often it is desirable to reduce or cancel waves scattering from the cylindrical object and thus achieve partial or complete 'invisibility' effect. This can be realized with special resistive coatings of the cylinders.
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Modern progress in nanofabrication techniques and advent of new optical materials have renewed the interest to this research field. [11] [12] [13] [14] [15] [16] [17] [18] For example, with coating made from noble metal at subwavelength scale it becomes possible to reduce scattering from otherwise reflective structures in the infrared and visible parts of spectrum due the excitation of plasmons. 11, 19 For nanowires made of non-plasmonic materials the conducting coating gives rise to surface plasmons, which are absent in the bare wires. 20 In visible range, in order to achieve better confinement of surface plasmons, the nanowires typically are coated by noble metals, whereas for the waves in terahertz range it is a common knowledge that graphene is the most suitable coating material. 13 In the terahertz frequency range graphene shows good conductivity and provides efficient subwavelength confinement. 21 Remarkably, the conductivity of graphene is high enough to suppress the wave scattering from a coated dielectric nanowire. The tunability of graphene conductivity can be used for an additional control over the location and magnitude of the plasmonic resonances and makes it possible to achieve the invisibility effect for different wavelengths. Notable reduction of the scattering cross-section spectra in the terahertz range has been already demonstrated for both single graphene-coated nanowires 14, 20 and clusters of two such nanowires (dimers).
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It is known that in clusters of plasmonic nanowires an electromagnetic coupling between constituents becomes possible and can modify essentially the characteristics of wave scattering. The coupling depends on the distance between the nanowires d and the wavelength λ of the incident radiation. Four different coupling mechanisms can be distinguished: 23, 24 (i) the far-field coupling takes place between sparsely distributed nanowires, when the distance between the nanowires is larger than the wavelength of the irradiating wave (d > λ);
(ii) the near-field coupling appears when the distance between nanowires (with radius a)
becomes smaller than the wavelength of the irradiating wave (d < λ) and lies in the range ∆ < d ≤ 5a, 25 where the critical distance ∆ ≈ 0.31 nm is the minimum gap between the nanowires which allows neglecting quantum effects; 23 (iii) the quantum regime occurs for very small distances (d < ∆), where a coherent quantum tunneling of particles becomes possible and the system transits to the state of extreme non-locality in which classical treatments are no longer valid; 23, 26 (iv) in the case of contact between nanowires, the lowest-frequency plasmonic mode appears as a true dipole resonance.
Our interest is in the near-field coupling used to describe hybrid plasmon modes of the cluster. In accordance with this description, the hybrid plasmon modes are treated as an arrangement of the electric dipole moments (or surface charge distributions) induced by the incident radiation for each particle of the cluster. 27, 28 In such a treatment an analogy with hybridization process of the molecular-orbital theory is often used, 29, 30 where the hybrid modes are classified in accordance with the point symmetry groups. In particular, in the simplest case of a cluster composed of a chain of two nanowires (dimer), the electric dipole moments of two interacting nanowires can be oriented either co-directionally or counter-directionally and thus can form a symmetrically coupled (bonding) mode or an antisymmetrically coupled (antibonding) mode, 29 respectively. When the electric field of incident wave is polarized along the chain, the plasmons are coupled to form the bonding mode. This leads to a significant red-shift of the plasmon resonance. In the opposite case, when the incident radiation is polarized perpendicular to the chain, the near-fields are in the form of antibonding mode and result in slight blue-shift of the plasmon band.
It is worth noting that different forms of coupling can appear for more complex clusters having increased number of nanowires. This makes their scattering cross-section much more complicated. [23] [24] [25] [26] 31 For instance, in the clusters composed of several nanowires the so-called dark modes (also known as trapped modes) can appear. The dark modes are usually referred to any mode that cannot couple directly with an incident wave. 27, 28 Nevertheless, being optically inactive in spatially symmetric clusters, they arise in the clusters with broken symmetry via coupling to an optically active modes (bright modes). Importantly, when such a dark mode is excited, the cluster becomes transparent to the incoming electromagnetic radiation.
In this paper our aim is to demonstrate that several invisibility regions can be realized in a cluster of graphene-coated nanowires due to excitation of dark modes arising from the symmetry breaking in the cluster's design. Trimer is considered as such a cluster, since simpler structures 14, 20, 22 lack this peculiarity.
Problem statement. Scattering formalism
In what follows we compare scattering characteristics of a single nanowire with those of several identical nanowires arranged closely in a cluster ( Figure 1a ). Specifically, we consider clusters containing either two nanowires (dimer) or three nanowires (trimer). In the case of a dimer, the nanowires are arranged parallel either to the x-axis or the y-axis with the distance d of each other; in a trimer the centers of the nanowires lie at the vertices of a triangle whose vertex angle is ϕ and the base may be oriented either along the x-axis or along the y-axis.
All the cluster's designs of interest can be classified according to the point symmetry groups (we use the Schönflies notation; 32 see Figure 1b ): (i) a single nanowire belongs to the trivial symmetry group C 1 , (ii) a dimer belongs to the dihedral symmetry group D 2h , and (iii) a symmetric trimer (equilateral triangular cluster; ϕ = π/3) belongs to the dihedral symmetry group D 3h , whereas an asymmetric trimer belongs either to the group C 2ν (Λ-shaped cluster; π/3 < ϕ < π) or to the group D ∞h (linear chain of three nanowires; ϕ = π).
All nanowires are made from a nonmagnetic (µ 1 = 1) semiconductor material with the tangential components of the total electric field are continuous, and (ii) the discontinuity of the tangential components of the total magnetic field is related to the tangential component of the total electric field via the graphene surface conductivity σ.
The resulting system of homogeneous equations for the unknown coefficients of the scat-tered wave potentials has the same form as that derived for bare (uncoated) nanowires:
where the conductivity σ of graphene coating is introduced in the Mie scattering coefficients
jnI and a jnII , b jnI for a single graphene-coated nanowire and a cluster of N such nanowires, respectively, δ kj and δ ns are the Kronecker delta functions, j is the phase shift relative to the origin of coordinate system for primary wave at the j-th nanowire,
n (·) is the Hankel function of the second kind, The scattering cross-sections (SCS) of the cluster can be obtained by averaging fields over all angles of the scattered radiation
where the elements T ii and T ij of the amplitude scattering matrix correspond to the copolarized and cross-polarized components of the scattered radiation, respectively. Their expressions are omitted here and can be found in Refs. 5 and 6.
Under the normal incidence of the primary wave, the matrix elements responsible for the cross-polarized components of the scattered radiation in (2) reduce to zero. Thus we have:
From (3) the invisibility conditions for the cluster of graphene-coated nanowires can be found. For TM z -polarized and TE z -polarized waves these conditions correspond to the states where T 11 (θ) → 0 and T 22 (θ) → 0, respectively.
Simulation results. Scattering cross-sections and invisibility regions
To be consistent with results of Refs. 20 and 22, we perform our study in the wavelength range between 10 and 60 µm. At these wavelengths the scattering characteristics of bare dielectric nanowire have no peculiarities, so further we consider only nanowires coated by graphene. To give comprehensive analysis, we first compare the scattering characteristics and invisibility regions of a symmetric trimer (design D 3h ) with the available results of Refs.
20 and 22 for a single nanowire (design C 1 ) and a dimer (design D 2h ). Then for the trimer the effect of a symmetry breaking, which is associated with the transition from the trimer design D 3h to designs C 2v and D ∞h , is studied in detail.
In the chosen spectral range the complex conductivity of graphene is well described by the Kubo formula (see Appendix B). The nanowires are considered to be made from SiO 2 .
In accordance with tabular data of Ref. 34 , in the wavelength range under consideration (which corresponds to the photon energies 0.02 − 0.12 eV), the material losses in SiO 2 are small enough and thus can be ignored. Therefore, in our numerical model we account for the Ohmic losses in graphene, but neglect material losses in the nanowires as well as spatial dispersion of graphene.
Symmetric designs. Formation of an additional invisibility region
For most plasmonic structures the scattering spectra depend strongly on the polarization of the incident electromagnetic radiation. 24, 25 This is also true for graphene-coated nanowires and can be seen from Figure 2 , which shows the spectral features of the normalized scattering cross-section (NSCS; normalized on the nanowire's diameter 2a) for structures illuminated by both TM z -polarized and TE z -polarized primary waves.
For a C 1 -nanowire, D 2h -dimer, and D 3h -trimer illuminated by TM z -polarized wave, the curves of NSCS (NSCS TM ) behave similarly and all exhibit a single invisibility region near λ ≈ 19.9 µm (Figure 2a ). Such spectral behavior is typical for the graphene coated nanowire 35 and is due to the excitation of a bulk plasmon resonance in the nanowire core (see also Figure S2 in Supporting Information). The small difference between the curves consists in slight increase of the scattering level and narrowing of the invisibility region with increasing number N of nanowires in the cluster. In the case of TM z -polarized incident wave similar scattering characteristics were reported for a cluster of elliptical objects covered by patterned graphene.
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For the C 1 -nanowire and both cluster's designs the local minima of the NSCS TM correspond to the wavelengths, where the numerator of the coefficient b
and the element T 11 of amplitude scattering matrix in Equation (3) reduce to zero, respectively. As mentioned above, these wavelengths are nearly the same and can be estimated as
For TE z -polarized incident wave the resultant NSCS spectra (NSCS TE ) have more complicated structure (Figure 2b . For given parameters of the C 1 -nanowire coated by graphene λ res ≈ 36 µm (see Figure 2b ).
The D 2h -dimer features another position of the main resonant peak. As was found in Refs.
22, 24, and 31, the NSCS TE spectrum of dimer depends on its spatial orientation with respect to the direction of wave incidence. Our calculations (Figure 2b ) confirm this peculiarity. We consider two principal orientations of the D 2h -dimer, where the chain of wires is directed either along the x-axis or along the y-axis. Note that the axes of the individual nanowires in cluster are always oriented parallel to the z-axis. From Figure 2b follows that for both spatial orientations of dimer the spectral position of the invisibility region is close to that (λ ≈ 28 µm) for a single nanowire. For dimers, the strong coupling between Mie-modes of individual nanowires gives rise to additional secondary resonance inside the invisibility region. Such resonance is unwanted because it partially suppresses the invisibility effect.
Fortunately it can be spectrally shifted far away from the invisibility region by increasing the distance d between nanowires in the cluster.
In contrast to behavior of the invisibility region, the spectral positions of the main and secondary plasmonic resonances are strongly depended on the spatial orientation of the D 2h -dimer. In the first case, the NSCS TE spectrum (red solid line in Figure 2b Similar spectral characteristics for dimers of metal-coated and graphene-coated dielectric nanocylinders were reported in Refs. 22 and 31, respectively. Note that the scattering characteristics shown in Figure 2 for the dimers agree closely with those calculated in Ref.
22 by using COMSOL Multiphysics software package. This lends support to the validity of our analytical treatment for the multiple nanowires scattering.
Aggregation of graphene-coated nanowires into a trimer gives rise to new forms of mode interactions between the cluster's constituents and thereby drastically changes the overall scattering characteristics even for the symmetric D 3h -trimer. In fact, plasmons in the trimer appear in hybridized states and produce resonant response at particular wavelengths. For given cluster consisting of subwavelength elements, the dipole approximation can be used to describe the hybrid plasmonic states. In this approximation, for each nanowire only Table S1 in Supporting Information by red arrows).
Among trimers, the symmetric one in the form of equilateral triangle features the highest symmetry D 3h (Figure 1b) . Owing to this, the NSCS spectra of D 3h -trimer are independent of its spatial orientation with respect to the direction of wave incidence for both TM z - Table S1 in Supporting Information). Here the first hybrid state corresponds to the shorter wavelength E antibonding mode, whereas the second one corresponds to the longer wavelength E bonding mode (to be more specific, when the trimer's base is oriented parallel to the propagation direction of the incident wave, the shorter and longer wavelength plasmon resonances correspond to the modes presented in rows 3 and 4
of Table S1, respectively; for the orthogonal trimer's orientation these plasmon resonances correspond to the modes shown in rows 2 and 5 of Table S1 , respectively). In all cases the hybrid E modes have nonzero total dipole moments, therefore such modes are optically active (i.e. they are bright modes) and can efficiently couple to the field of the irradiating wave at the corresponding resonant wavelengths. These resonant wavelengths are located 
Asymmetric designs. Formation of multiple invisibility regions
More invisibility regions may appear in the case of nanowire trimers with broken symmetry, which disturbs the arrangement of dipole moments in the cluster and provides an additional In contrast to the wavelength (λ ≈ 28 µm) of the main invisibility region, which is independent of asymmetry and orientation of the trimer, central wavelengths of additional invisibility regions for the C 2ν -trimer can be controlled by changing the vertex angle ϕ as shown in Figures 4b and 4c .
Mathematically speaking, when the vertex angle ϕ gradually increases from π/3 to π, the sub-group E of the symmetry group D 3h transforms to the sub-groups A 1 and B 2 of the group C 2ν . These A 1 and B 2 states are distinct for the bonding and antibonding modes, respectively (see Table S1 and Figure S3 in Supporting Information). As soon as an asymmetry is introduced to the trimer design, the dark modes gain the capacity to couple to the field of the incident wave and thus can be excited. Indeed, the dark ringlike state of the sub-group A 2 of the group D 3h transforms to the bright state with non-zero dipole moment belonging to the sub-group B 2 of the group C 2ν .
For ϕ = π the cluster reduces to the final geometry of the group D ∞h , which represents a chain of three nanowires. There are only single resonant peak and single invisibility region for both orthogonal orientations of the nanowire cluster. When the chain of the D ∞h -trimer is oriented perpendicular to the direction of the incident wave, the B 2 bonding mode transforms to the bright Σ + u bonding mode with non-zero total dipole moment, which is oriented along the y-axis. Two another states are dark modes for the D ∞h -trimer (Figure 4b ). At the same time, for the D ∞h -trimer whose chain is oriented along the direction of wave incidence only the Π u antibonding mode appears as a result of transformation from the sub-group A 1 of the group C 2ν (Figure 4c ).
In fact, the NSCS spectra of the D ∞h -trimer have much in common with those of the the D 2h -dimer oriented in the same direction and acquire only a small red-shift of the resonant peaks. This effect was firstly reported for the chains of gold spheres. 36 
Conclusions
Within the Lorenz-Mie theory and multiple cylinder scattering formalism, scattering characteristics has been investigated for a cluster of three graphene-coated nanowires (trimer) 14,20,22,37 Using standard Mie expansion, the field scattered by the nanowire is presented as a discrete sum of n cylindrical harmonics having complex amplitudes. In the case of small nanowire radius, we can take into account only the first (dipolar) terms of the Mie expansion, 37,38 expressing the resulting scattering efficiencies as follows:
for the TE z -polarized and TM z -polarized waves, respectively. The Mie scattering coefficients are:
14,20,22 
Appendix B. Graphene description
Ignoring the quantum finite-size effect of graphene, the nanowire coating is treated as an infinitely thin graphene sheet having the macroscopic surface conductivity σ dependent on the angular frequency ω = 2πf , chemical potential µ c , ambient temperature T , and charge carries scattering rate Γ. The surface conductivity of graphene consists of intraband and interband contributions σ = σ intra + σ inter , which are described by Kubo formalism: design. This effect is due to excitation of dark modes and is observed only for the incident wave of TE z -polarization.
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Supporting Information:
This Supporting Information consists of Table S1 with data for dipolar plasmon modes of trimers with varying vertex angle π/3 ≤ ϕ ≤ π, followed from the plasmon hybridization theory; 30 Figure S2 with the near field patterns supplementing Figures 2b and 3c of the manuscript; Figure S3 with the near field patterns supplementing Figure 4 of the manuscript.
∞ Table S1 : The shapes of possible dipolar plasmon modes of trimers at varying vertex angle π/3 ≤ ϕ ≤ π in accordance with plasmon hybridization theory. 30 Upper and lower parts correspond to antibonding and bonding modes, respectively. Figure S3: Near-field patterns of the asymmetric graphene-coated nanowire trimer. TE zpolarized incident plane wave is considered. Patterns correspond to several selected points on the ϕ − λ plane shown in Figure 4 of the manuscript. The corresponding wavelengths in µm are given in the upper right corners of each field pattern.
